
Accelerating Sparse Applications

Fred Kjolstad

Assistant Professor, Stanford University



2

Dense and Sparse Processing

Sensors



2

Dense and Sparse Processing

Sensors Data CentersDense

Processing

<latexit sha1_base64="WpnUIqplTtuQ5g963EFCmJupYTM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDababt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpDi2eyER3QmZACgUtFCihk2pgcSjhIRzdTP2HR9BGJOoexykEMRso0RecoZV8H+EJc66jSS/sVWtu3Z2BLhOvIDVSoNmrfvlRwrMYFHLJjOl6bopBzjQKLmFS8TMDKeMjNoCupYrFYIJ8dvOEnlglov1E21JIZ+rviZzFxozj0HbGDIdm0ZuK/3ndDPtXQS5UmiEoPl/UzyTFhE4DoJHQwFGOLWFcC3sr5UOmGUcbU8WG4C2+vEzaZ3Xvou7dndca10UcZXJEjskp8cglaZBb0iQtwklKnskreXMy58V5dz7mrSWnmDkkf+B8/gCV8ZIL</latexit>

crdb
<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,

<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc
<latexit sha1_base64="OKgqg5fonJnDUG6kJsIYjzfM6zU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDabbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKNEXjKKVfB/5E+ZMR5Me61Vrbt2dgSwTryA1KNDsVb/8KGFZzBUySY3pem6KQU41Cib5pOJnhqeUjeiAdy1VNOYmyGc3T8iJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif182wfxXkQqUZcsXmi/qZJJiQaQAkEpozlGNLKNPC3krYkGrK0MZUsSF4iy8vk/ZZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwCXdZIM</latexit>

crdc,

<latexit sha1_base64="FFHG0jRZuphFQkCzFFtWoqIRGMY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFNKJvNpl262YTdibSE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh61dZIpylo0EYnqBkQzwSVrIUfBuqliJA4E6wSju5nfeWJK80Q+4iRlfkwGkkecEjSS5yEbY05VOO2P+9WaU3fmsFeJW5AaFGj2q19emNAsZhKpIFr3XCdFPycKORVsWvEyzVJCR2TAeoZKEjPt5/Obp/aZUUI7SpQpifZc/T2Rk1jrSRyYzpjgUC97M/E/r5dhdOPnXKYZMkkXi6JM2JjYswDskCtGUUwMIVRxc6tNh0QRiiamignBXX55lbQv6u5V3X24rDVuizjKcAKncA4uXEMD7qEJLaCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QO3SZIh</latexit>

crdx

<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,

<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc

<latexit sha1_base64="N25T7r7RBcX4gIrMaBt6rXWJYWc=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbabt0swm7k9IS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqOTR4LGPdCpkBKRQ0UKCEVqKBRaGEp3B4N/OfRqCNiNUjThIIItZXoic4Qyv5PsIYsxGT0864U664VXcOukq8nFRIjnqn/OV3Y55GoJBLZkzbcxMMMqZRcAnTkp8aSBgfsj60LVUsAhNk85un9MwqXdqLtS2FdK7+nshYZMwkCm1nxHBglr2Z+J/XTrF3E2RCJSmC4otFvVRSjOksANoVGjjKiSWMa2FvpXzANONoYyrZELzll1dJ86LqXVW9h8tK7TaPo0hOyCk5Jx65JjVyT+qkQThJyDN5JW9O6rw4787HorXg5DPH5A+czx/GpJIr</latexit>

valx

<latexit sha1_base64="PFYcvIxvKzXCFUdgGqjjnzqpDz4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbbbt0swm7k2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThQUQHSvQFo2gl30f+hNmYymk37JYrbtWdg6wSLycVyFHvlr/8XszSiCtkkhrT8dwEg4xqFEzyaclPDU8oG9EB71iqaMRNkM1vnpIzq/RIP9a2FJK5+nsio5Exkyi0nRHFoVn2ZuJ/XifF/k2QCZWkyBVbLOqnkmBMZgGQntCcoZxYQpkW9lbChlRThjamkg3BW355lTQvqt5V1Xu4rNRu8ziKcAKncA4eXEMN7qEODWCQwDO8wpuTOi/Ou/OxaC04+cwx/IHz+QOlTJIV</latexit>

valb

<latexit sha1_base64="Qu3XXHPX9OC3xLEi7NSSD/JnHpk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbabt0swm7k2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuh8yAFAoaKFBCO9HAolBCKxzdzfzWGLQRsXrESQJBxAZK9AVnaCXfR3jCbMzktMu75Ypbdeegq8TLSYXkqHfLX34v5mkECrlkxnQ8N8EgYxoFlzAt+amBhPERG0DHUsUiMEE2v3lKz6zSo/1Y21JI5+rviYxFxkyi0HZGDIdm2ZuJ/3mdFPs3QSZUkiIovljUTyXFmM4CoD2hgaOcWMK4FvZWyodMM442ppINwVt+eZU0L6reVdV7uKzUbvM4iuSEnJJz4pFrUiP3pE4ahJOEPJNX8uakzovz7nwsWgtOPnNM/sD5/AGm0JIW</latexit>

valc

<latexit sha1_base64="R05BkZVC8QTzYSYed/sQUdjkwzE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ad0l5JN0zY0m4RkVlqW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqWGsgZVQpl2TCwTXLIGcBCsrQ0jSSxYKx7dzfzWEzOWK/kIE82ihAwk73NKwElhCGwMmVZ22h13yxW/6s+BV0mQkwrKUe+Wv8KeomnCJFBBrO0EvoYoIwY4FWxaClPLNKEjMmAdRyVJmI2y+c1TfOaUHu4r40oCnqu/JzKSWDtJYteZEBjaZW8m/ud1UujfRBmXOgUm6WJRPxUYFJ4FgHvcMApi4gihhrtbMR0SQyi4mEouhGD55VXSvKgGV9Xg4bJSu83jKKITdIrOUYCuUQ3dozpqIIo0ekav6M1LvRfv3ftYtBa8fOYY/YH3+QPdj5I6</latexit>posx

x valuesb values

c values

In
te

rs
ec

t

M
ul

tip
ly

<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc
<latexit sha1_base64="OKgqg5fonJnDUG6kJsIYjzfM6zU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDabbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKNEXjKKVfB/5E+ZMR5Me61Vrbt2dgSwTryA1KNDsVb/8KGFZzBUySY3pem6KQU41Cib5pOJnhqeUjeiAdy1VNOYmyGc3T8iJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif182wfxXkQqUZcsXmi/qZJJiQaQAkEpozlGNLKNPC3krYkGrK0MZUsSF4iy8vk/ZZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwCXdZIM</latexit>

crdc

c coordinates

Scan: Read

<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,
<latexit sha1_base64="WpnUIqplTtuQ5g963EFCmJupYTM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDababt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpDi2eyER3QmZACgUtFCihk2pgcSjhIRzdTP2HR9BGJOoexykEMRso0RecoZV8H+EJc66jSS/sVWtu3Z2BLhOvIDVSoNmrfvlRwrMYFHLJjOl6bopBzjQKLmFS8TMDKeMjNoCupYrFYIJ8dvOEnlglov1E21JIZ+rviZzFxozj0HbGDIdm0ZuK/3ndDPtXQS5UmiEoPl/UzyTFhE4DoJHQwFGOLWFcC3sr5UOmGUcbU8WG4C2+vEzaZ3Xvou7dndca10UcZXJEjskp8cglaZBb0iQtwklKnskreXMy58V5dz7mrSWnmDkkf+B8/gCV8ZIL</latexit>

crdb

b coordinates

Scan: Read
<latexit sha1_base64="R05BkZVC8QTzYSYed/sQUdjkwzE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ad0l5JN0zY0m4RkVlqW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqWGsgZVQpl2TCwTXLIGcBCsrQ0jSSxYKx7dzfzWEzOWK/kIE82ihAwk73NKwElhCGwMmVZ22h13yxW/6s+BV0mQkwrKUe+Wv8KeomnCJFBBrO0EvoYoIwY4FWxaClPLNKEjMmAdRyVJmI2y+c1TfOaUHu4r40oCnqu/JzKSWDtJYteZEBjaZW8m/ud1UujfRBmXOgUm6WJRPxUYFJ4FgHvcMApi4gihhrtbMR0SQyi4mEouhGD55VXSvKgGV9Xg4bJSu83jKKITdIrOUYCuUQ3dozpqIIo0ekav6M1LvRfv3ftYtBa8fOYY/YH3+QPdj5I6</latexit>posx

<latexit sha1_base64="FFHG0jRZuphFQkCzFFtWoqIRGMY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFNKJvNpl262YTdibSE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh61dZIpylo0EYnqBkQzwSVrIUfBuqliJA4E6wSju5nfeWJK80Q+4iRlfkwGkkecEjSS5yEbY05VOO2P+9WaU3fmsFeJW5AaFGj2q19emNAsZhKpIFr3XCdFPycKORVsWvEyzVJCR2TAeoZKEjPt5/Obp/aZUUI7SpQpifZc/T2Rk1jrSRyYzpjgUC97M/E/r5dhdOPnXKYZMkkXi6JM2JjYswDskCtGUUwMIVRxc6tNh0QRiiamignBXX55lbQv6u5V3X24rDVuizjKcAKncA4uXEMD7qEJLaCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QO3SZIh</latexit>

crdx

x coordinates

Scan: Write

Sparse

Processing

Images, Audio, 
Signal Streams

Databases, 
Knowledge Graphs

Image Processing,

DNN/CNN

Data Processing,

Graph Algorithms and GNNs,

Sparse Tensor Factorizations

More abstract data



3

How Sparse is Sparse?

Bounded Degrees,

Large Diameter

Power-law Degrees,

Small DiameterFractional Sparsity

E.g., discretized 
physical objects, 
road networks

E.g., social networksE.g., regularized DNN/CNN 
weight matrices
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How Sparse is Sparse?

Bounded Degrees,

Large Diameter

Power-law Degrees,

Small DiameterFractional Sparsity

Asymptotically sparse
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How Sparse is Sparse? Can be Asymptotic

Assume an average degree of 12 (e.g., 12 friends)

Each matrix row then has 12 nonzeros

At 10,000 rows: nonzeros
12 ⋅ 10,000

10,0002 = 0.12 %

At 100,000 rows: nonzeros
12 ⋅ 100,000

100,0002 = 0.012 %

Matrix components:  O(n2)
Nonzeros: O(n)

Fraction of nonzeros: O(1/n)
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Sparse Convolutional Networks

Sparse Networks

Dense weights Block-sparse weights Corresponding sparsity pattern

0 0 1 1 1 1 1 1

1 1 1 0 0 1 1 0
1 0 0 0 0 0 1 1
1 1 1 1 0 0 1 1

1 0 1 1
§

1 1 1 1
0 1 0 0 0 0 0 0

1 1 1 0 1 1 0 0
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Figure 1: Visualization of random dense and random block-sparse weight matrices, where white
indicates a weight of zero. Our new kernels allow efficient usage of block-sparse weights in fully
connected and convolutional layers, as illustrated in the middle figure. For convolutional layers, the
kernels allow for sparsity in input and output feature dimensions; the connectivity is still dense in the
spatial dimensions. The sparsity is defined at the level of blocks (right figure), with block size of at
least 8⇥ 8. At the block level, the sparsity pattern is completely configurable. Since the kernels skip
computations of blocks that are zero, the computational cost is only proportional to the number of
weights, not the number of input/output features.

Figure 2: Dense linear layers (left) can be replaced with layers that are sparse and wider (center) or
sparse and deeper (right) while approximately retaining computational cost and memory cost. Note
these costs are, in principle, proportional to the number of non-zero weights (edges). The shown
networks have an equal number of edges. However, the sparse and wide network has the potential
advantage of a larger information bandwidth, while the deeper network has the potential benefit of
fitting nonlinear functions.

Block-sparsity unlocks various research directions (see section 6). One application we explore in
experiments is the widening or deepening of neural networks, while increasing sparsity, such that
the computational cost remains approximately equal as explained in figure 2. In experiments we
have only scratched the surface of the applications of block-sparse linear operations; by releasing our
kernels in the open, we aim to spur further advancement in model and algorithm design.

2 Capabilities

The two main components of this release are a block-sparse matrix multiplication kernel and a
block-sparse convolution kernel. Both are wrapped in Tensorflow [Abadi et al., 2016] ops for easy
use and the kernels are straightforward to integrate into other frameworks, such as PyTorch.

Both kernels support an arbitrary block size and are optimized for 8x8, 16x16, and 32x32 block sizes.
The matrix multiplication kernel supports an arbitrary block layout which is specified via a masking
matrix. In addition, the feature axis is configurable. The convolution kernel supports non-contiguous
input/output feature blocks of any uniform or non-uniform size specified via a configuration format
(see API) though multiples of 32x32 perform best. Arbitrary dense spatial filter sizes are supported in
addition to dilation, striding, padding, and edge biasing.

2

Extremely sparse 
Dense storage: 107 Exabytes

Sparse storage: 13 Gigabytes

Word
s

Sparse Tensor Algebra Applications

Graph Convolutional Network

SimulationsRobotics
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Sparse Array Generalization

*Hu et al. Taichi: a language for high-performance computation on spatially sparse data structures, 2019

Sparse Tensors Sparse Grids* Graphs Relations



Mapping Data Models to Sparse Arrays

1

2

4

3

6

5

7

Names City Age
Peter Boston 54
Mary San Fransisco 35
Paul New York 23

Adam Seattle 84
Hilde Boston 19
Bob Chicago 76
Sam Portland 32

Angela Los Angeles 62

Tensors

Relations

Graphs

Modes map to dimensions,
nonzeros map to stored elements

Columns map to dimensions,
rows map to stored elements

Vertices map to dimensions,
edges map to stored elements

7

Sparse Array



8

SciPy Roadmap

1. Support for distributed arrays and GPU arrays 

2. Performance improvements 

3. Statistics enhancements 

4. Support for more hardware platforms 

5. Implement sparse arrays in addition to sparse matrices

https://docs.scipy.org/doc/scipy/reference/roadmap.html
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Dense Array 
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We evaluate these contributions by
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Sparse Roadmap
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Why you need a compiler
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a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C

<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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C D

Element-wise multiplication 64 inner product

�
<latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit>

Sampled Dense-Dense Matrix Multiplication (SDDMM)

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>



a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>

a = Bc+ b
<latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit>

a = BT c
<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = B
<latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C

<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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64 inner product

�
<latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit>

Sampled Dense-Dense Matrix Multiplication (SDDMM)

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>



a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>

a = Bc+ b
<latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit>

a = BT c
<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = B
<latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C

<latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit><latexit sha1_base64="51Bv6PXmoamaoDhIm3mnbtbeS4I="></latexit>

a = b� c
<latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit><latexit sha1_base64="xC2UQaKMSxRXSjvXYL08jWfhOKE="></latexit>

A = BC
<latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit><latexit sha1_base64="bQv20MGXQbCgQg/8DLxZhpyQetw="></latexit>

A = BCd
<latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit><latexit sha1_base64="NnKp6k7rsy0OIQg2+HjPSNJZihY="></latexit>

a = BTBc
<latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit><latexit sha1_base64="s1O5qPVOOMmGPNW3yKbJHBqgwAw="></latexit>

K = ATCA
<latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit><latexit sha1_base64="7E7sr5IryigHL/yso1HnWiX4qgw="></latexit>

Aij =
X

kl

BiklCljDkj

<latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit><latexit sha1_base64="72T9XMFrNxN2gPvZZCN5dRpk/6A="></latexit>

Aij =
X

k

Bijkck
<latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit><latexit sha1_base64="Q3YBPqW+DP//T2mZKwBLrcHSVLU="></latexit>

Aijk =
X

l

BiklClj

<latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit><latexit sha1_base64="Jg7tMfPL9V85FVq353d9N6wVV1k="></latexit>

Akj =
X

il

BiklCljDij

<latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit><latexit sha1_base64="e1SJTw0fT/4v00mBhJv1CnYdiqo="></latexit>

Alj =
X

ik

BiklCijDkj

<latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit><latexit sha1_base64="0NTK8pwrGoU3elIMno3EB1xPjos="></latexit>

Aik =
X

j

Bijkcj
<latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit><latexit sha1_base64="eahwPN00mggU43aE+RQ9sbc2T/E="></latexit>

Ajk =
X

i

Bijkci
<latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit><latexit sha1_base64="oObTlZL5pEjpbyoFGpBeEXIgOew="></latexit>

Aijl =
X

k

BiklCkj

<latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit><latexit sha1_base64="9+4Bsvf1L5RyRH+Ggtn/T6gxidA="></latexit>

⌧ =
X

i

zi(
X

j

zj✓ij)(
X

k

zk✓ik)

<latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit><latexit sha1_base64="th79iZGJTdJf8PQ5vnhoFNfiiGI="></latexit>C =
X

ijkl

MijPjkMlk Pil

<latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit><latexit sha1_base64="2lGj66gcg0p0YQ6h0/7Wlo1R8BM="></latexit>

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

a = Bc+ a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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�
<latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit>

This dot product need not be computed

Sampled Dense-Dense Matrix Multiplication (SDDMM)

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>



a = Bc
<latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit><latexit sha1_base64="qnhPAj9piO+ZbSmC2nFEaRfau9U="></latexit>

a = Bc+ b
<latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit><latexit sha1_base64="FZvAfMYQ7yWqpl6E3yWEATtTL+g="></latexit>

a = BT c
<latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit><latexit sha1_base64="N+fHySzeudcKmh9ktmAemyv4Yoc="></latexit>

a = BT c+ d
<latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit><latexit sha1_base64="BoRDqu4jrKwt7G+LOBntMOLNVkg="></latexit>

a = ↵Bc+ �a
<latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit><latexit sha1_base64="6cPgyhBI++vHw/44jYAB+9BIwIo="></latexit>

A = B
<latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit><latexit sha1_base64="XctrPZE6+2R2xFDAt8ZP+Wr2EjY="></latexit>

A = 0
<latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit><latexit sha1_base64="fMbuO9ZVPXbFYHQFHbIh0E2tYTY="></latexit>

A = BT
<latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit><latexit sha1_base64="++RuxPWVlnPedy0PryCm0wCINtY="></latexit>

A = ↵B
<latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit><latexit sha1_base64="RlqPurTaxsumE4pYE8i3oJ+lImY="></latexit>

a = b+ c
<latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit><latexit sha1_base64="tHzcnE3YtvfPgRvj7pQ4hiSGp3Q="></latexit>

A = B + C
<latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit><latexit sha1_base64="of0JSQoHZNHx315XCL4ZYYpm5tk="></latexit>

a = B(c+ d)
<latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit><latexit sha1_base64="tL7pvaNWTpB1P9mJIAEGOoS5xio="></latexit>

A = B + C +D
<latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit><latexit sha1_base64="lVHbVq4oah4zCVGsiOp0qQq5lwU="></latexit>

A = B � (CD)
<latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit><latexit sha1_base64="LHrpD/KZlhDGtuchs56sqm8Ns2w="></latexit>A = B � C
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Sampled Dense-Dense Matrix Multiplication (SDDMM)
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Normalized Time
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taco can generate

sparse fused operationsB
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Sparse Compilation Performance on CPUs and GPUs

A Sparse Iteration Space Transformation Framework for Sparse Tensor Algebra 158:23

Fig. 29. Performance of CPU TTV. Fig. 30. Performance of GPU TTV.

Fig. 31. Performance of CPU MTTKRP.
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Fig. 32. Performance of GPU MTTKRP.

on GPUs, we compare against implementations that rely on preprocessing of the tensor to create
a custom format, which is designed to perform well on GPU. TACO, which does not require any
preprocessing, is able to achieve 88% of the performance of the fastest format (HYB [Bell and
Garland 2009]). We provide a 30% speedup over the implementation that uses the standard COO
format, which does not typically require preprocessing. For SPMM on GPUs, cuSPARSE is able to
outperform scheduled TACO by better utilizing shared memory, which scheduled TACO currently
has limited support for. Even though scheduled TACO exhibits worse average performance for GPU
SpMM, it is nevertheless competitive with state-of-the-art. On the whole, these results demonstrate
the generality of our technique; its performance not limited to any speci�c kernel.
For each CPU kernel, Figures 21–32 also show results for original TACO, which uses only the

default schedule, in addition to scheduled TACO, which for each matrix uses the faster of either
the default schedule or the previously-referenced custom schedule The �exibility of our scheduling
language makes it easy to selectively optimize kernels based on the inputs, which is essential as the
default schedule generally performs well for small matrices and tensors. For instance, the SpMM
CPU schedule outperforms the default for 66% of all test matrices and is faster by 29.2% on average
for those typically larger matrices, but is slower for the remaining, typically smaller matrices.
Nevertheless, by using the custom schedule for only the aforementioned 66% of matrices, scheduled
TACO is able to achieve a mean speedup of 16.7% over original TACO across all test matrices.
Furthermore, for larger matrices (with more than a million nonzeros) and tensors, GPU kernels
generated by scheduled TACO all signi�cantly outperform equivalent CPU kernels generated by
original TACO, which does not support GPU code generation. For smaller matrices though, the
GPU kernels do not have enough work to fully utilize available GPU resources, and thus their
equivalent CPU kernels actually o�er better performance. This demonstrates the bene�t of being
able to selectively generate e�cient code for di�erent platforms.

Proc. ACM Program. Lang., Vol. 4, No. OOPSLA, Article 158. Publication date: November 2020.

GPU MTTKRP 
(NVIDIA V100)

0.90x 1.30x 2.79x 0.88x
[Nisa et al. 2019]
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158:22 R. Senanayake, C. Hong, Z. Wang, A. Wilson, S. Chou, S. Kamil, S. Amarasinghe, and F. Kjolstad

Fig. 21. Performance of CPU SpMV.
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Fig. 22. Performance of GPU SpMV.

Fig. 23. Performance of CPU SpMSpV. Fig. 24. Performance of GPU SpMSpV.

Fig. 25. Performance of CPU SpMM. Fig. 26. Performance of GPU SpMM.

Fig. 27. Performance of CPU SDDMM. Fig. 28. Performance of GPU SDDMM.

Proc. ACM Program. Lang., Vol. 4, No. OOPSLA, Article 158. Publication date: November 2020.

[Merill and Garland 2016]

GPU SpMV 
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1.00x 1.41x
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Fig. 21. Performance of CPU SpMV. Fig. 22. Performance of GPU SpMV.

Fig. 23. Performance of CPU SpMSpV. Fig. 24. Performance of GPU SpMSpV.

Fig. 25. Performance of CPU SpMM. Fig. 26. Performance of GPU SpMM.

Fig. 27. Performance of CPU SDDMM. Fig. 28. Performance of GPU SDDMM.

Proc. ACM Program. Lang., Vol. 4, No. OOPSLA, Article 158. Publication date: November 2020.

[Guennebaud et al. 2010]

CPU SpMV 
(12 cores)

1.03x 1.35x1.43x

A Sparse Iteration Space Transformation Framework for Sparse Tensor Algebra 158:23

Fig. 29. Performance of CPU TTV. Fig. 30. Performance of GPU TTV.
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Fig. 31. Performance of CPU MTTKRP. Fig. 32. Performance of GPU MTTKRP.

on GPUs, we compare against implementations that rely on preprocessing of the tensor to create
a custom format, which is designed to perform well on GPU. TACO, which does not require any
preprocessing, is able to achieve 88% of the performance of the fastest format (HYB [Bell and
Garland 2009]). We provide a 30% speedup over the implementation that uses the standard COO
format, which does not typically require preprocessing. For SPMM on GPUs, cuSPARSE is able to
outperform scheduled TACO by better utilizing shared memory, which scheduled TACO currently
has limited support for. Even though scheduled TACO exhibits worse average performance for GPU
SpMM, it is nevertheless competitive with state-of-the-art. On the whole, these results demonstrate
the generality of our technique; its performance not limited to any speci�c kernel.
For each CPU kernel, Figures 21–32 also show results for original TACO, which uses only the

default schedule, in addition to scheduled TACO, which for each matrix uses the faster of either
the default schedule or the previously-referenced custom schedule The �exibility of our scheduling
language makes it easy to selectively optimize kernels based on the inputs, which is essential as the
default schedule generally performs well for small matrices and tensors. For instance, the SpMM
CPU schedule outperforms the default for 66% of all test matrices and is faster by 29.2% on average
for those typically larger matrices, but is slower for the remaining, typically smaller matrices.
Nevertheless, by using the custom schedule for only the aforementioned 66% of matrices, scheduled
TACO is able to achieve a mean speedup of 16.7% over original TACO across all test matrices.
Furthermore, for larger matrices (with more than a million nonzeros) and tensors, GPU kernels
generated by scheduled TACO all signi�cantly outperform equivalent CPU kernels generated by
original TACO, which does not support GPU code generation. For smaller matrices though, the
GPU kernels do not have enough work to fully utilize available GPU resources, and thus their
equivalent CPU kernels actually o�er better performance. This demonstrates the bene�t of being
able to selectively generate e�cient code for di�erent platforms.

Proc. ACM Program. Lang., Vol. 4, No. OOPSLA, Article 158. Publication date: November 2020.

[Smith et al. 2015]

CPU MTTKRP 
(12 cores)

1.49x 3.34x

A Sparse Iteration Space Transformation Framework for Sparse Tensor Algebra 158:21

Detection Evaluation Dataset and the Freebase dataset [Jeon et al. 2015]. We exclude matrices
and tensors that do not �t in memory on the machine used to run the experiments. We generate
random dense tensors and compressed vectors as required by the expression. Compressed vectors
are generated with a sparsity of 10% and dimensions that are not �xed by the size of the dataset
tensor are set to 128. To store sparse matrices, we use the standard compressed sparse row (CSR)
format for SpMV, SpMM, and SDDMM and, for work-e�cient execution, the compressed sparse
column (CSC) format for SpMSpV. To store sparse tensors, we use the compressed sparse �ber
(CSF) format [Smith and Karypis 2015]. Tensors are loaded in the same mode ordering as de�ned
by the tensor dataset.
All CPU experiments are run on a dual-socket, 12-core with 24 threads, 2.5 GHz Intel Xeon

E5-2680 v3 machine with 30 MB of L3 cache per socket and 128 GB of main memory, running
Ubuntu 18.04.3 LTS. On CPU, we compile code that our technique generates using Intel icpc
19.1.0.166 with -O3, -DNDEBUG, -march=native, -mtune=native,–ffast-math, and -fopenmp. We
run CPU experiments with a cold cache 25 times and report median execution times recorded with
std::chrono::high_resolution_clock.

All GPU experiments are run on an NVIDIA V100 GPU, which has 80 streaming multiprocessors
(SM) with 32 GB of global memory, 6 MB of L2 cache and 128 KB of L1 cache per SM, and a
bandwidth of 897 GB/s. We compile the generated code with NVIDIA nvcc 9.0.176 with -O3,
-gencode arch=compute_70,code=sm_70, and –use_fast_math. We run GPU experiments 25
times and report median execution times recorded with CUDA events. We exclude the time of
copying and allocating memory and freshly copy all data to the device for each trial.

7.2 Comparative Performance
We measure and compare the performance of code that our technique generates against hand-
implemented versions in other libraries for six sparse linear and tensor algebra kernels:

SpMV: ~8 =
Õ

9 G8 9G 9
SpMSpV: ~8 =

Õ
9 G8 9x 9

SpMM: .8 9 =
Õ

9 G8:-: 9

SDDMM: G8 9 = H8 9
Õ

: ⇠8:⇡: 9

TTV: G8 9 =
Õ

: H8 9:2:
MTTKRP: �8 9 =

Õ
:; H8:;⇠: 9⇡; 9

Operands and results highlighted in bold are sparse, while all others are dense. For MTTKRP CPU,
we also evaluate kernels for order-4 and order-5 tensors.For all kernels other than SpMSpV, we start
with a schedule template discovered by the heuristic-based autoscheduler described in Section 6.
For SpMM CPU, we modify a reorder command and add a parallelize command to vectorize
a loop. For MTTKRP GPU, we modify a reorder command to enforce a better memory access
pattern. For SpMSpV GPU, we elect to use an alternative kernel that is not strictly load-balanced
like the generated schedule templates. The schedules we use to generate each kernel for CPU and
GPU are available at github.com/tensor-compiler/taco/tree/oopsla2020.
Figures 21–32 show the results of our experiments for each kernel and test matrix/tensor. For

each kernel, we additionally report scheduled TACO’s geometric mean speedup across all test
matrices/tensors relative to the fastest equivalent alternative implementation (either hand-optimized
or generated by original TACO) where one exists:

SpMV SpMSpV SpMM SDDMM TTV MTTKRP

CPU 1.03⇥ 2.45⇥ 0.99⇥ 1.02⇥ 1.30⇥ 1.06⇥
GPU 1.00⇥ n/a 0.59⇥ 0.65⇥ n/a 0.88⇥

Our technique generates code that has comparable performance with hand-optimized libraries
for a wide range of sparse tensor algebra expressions with varied characteristics. For MTTKRP
on GPUs, we compare against implementations that rely on preprocessing of the tensor to create

Proc. ACM Program. Lang., Vol. 4, No. OOPSLA, Article 158. Publication date: November 2020.
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Sparse Abstract Machine (IR)
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Sparse Abstract Machine Example
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<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,

<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc
<latexit sha1_base64="OKgqg5fonJnDUG6kJsIYjzfM6zU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDabbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKNEXjKKVfB/5E+ZMR5Me61Vrbt2dgSwTryA1KNDsVb/8KGFZzBUySY3pem6KQU41Cib5pOJnhqeUjeiAdy1VNOYmyGc3T8iJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif182wfxXkQqUZcsXmi/qZJJiQaQAkEpozlGNLKNPC3krYkGrK0MZUsSF4iy8vk/ZZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwCXdZIM</latexit>

crdc,

<latexit sha1_base64="FFHG0jRZuphFQkCzFFtWoqIRGMY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFNKJvNpl262YTdibSE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh61dZIpylo0EYnqBkQzwSVrIUfBuqliJA4E6wSju5nfeWJK80Q+4iRlfkwGkkecEjSS5yEbY05VOO2P+9WaU3fmsFeJW5AaFGj2q19emNAsZhKpIFr3XCdFPycKORVsWvEyzVJCR2TAeoZKEjPt5/Obp/aZUUI7SpQpifZc/T2Rk1jrSRyYzpjgUC97M/E/r5dhdOPnXKYZMkkXi6JM2JjYswDskCtGUUwMIVRxc6tNh0QRiiamignBXX55lbQv6u5V3X24rDVuizjKcAKncA4uXEMD7qEJLaCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QO3SZIh</latexit>

crdx

<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,

<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc

<latexit sha1_base64="N25T7r7RBcX4gIrMaBt6rXWJYWc=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbabt0swm7k9IS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqOTR4LGPdCpkBKRQ0UKCEVqKBRaGEp3B4N/OfRqCNiNUjThIIItZXoic4Qyv5PsIYsxGT0864U664VXcOukq8nFRIjnqn/OV3Y55GoJBLZkzbcxMMMqZRcAnTkp8aSBgfsj60LVUsAhNk85un9MwqXdqLtS2FdK7+nshYZMwkCm1nxHBglr2Z+J/XTrF3E2RCJSmC4otFvVRSjOksANoVGjjKiSWMa2FvpXzANONoYyrZELzll1dJ86LqXVW9h8tK7TaPo0hOyCk5Jx65JjVyT+qkQThJyDN5JW9O6rw4787HorXg5DPH5A+czx/GpJIr</latexit>

valx

<latexit sha1_base64="PFYcvIxvKzXCFUdgGqjjnzqpDz4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbbbt0swm7k2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThQUQHSvQFo2gl30f+hNmYymk37JYrbtWdg6wSLycVyFHvlr/8XszSiCtkkhrT8dwEg4xqFEzyaclPDU8oG9EB71iqaMRNkM1vnpIzq/RIP9a2FJK5+nsio5Exkyi0nRHFoVn2ZuJ/XifF/k2QCZWkyBVbLOqnkmBMZgGQntCcoZxYQpkW9lbChlRThjamkg3BW355lTQvqt5V1Xu4rNRu8ziKcAKncA4eXEMN7qEODWCQwDO8wpuTOi/Ou/OxaC04+cwx/IHz+QOlTJIV</latexit>

valb

<latexit sha1_base64="Qu3XXHPX9OC3xLEi7NSSD/JnHpk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbabt0swm7k2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuh8yAFAoaKFBCO9HAolBCKxzdzfzWGLQRsXrESQJBxAZK9AVnaCXfR3jCbMzktMu75Ypbdeegq8TLSYXkqHfLX34v5mkECrlkxnQ8N8EgYxoFlzAt+amBhPERG0DHUsUiMEE2v3lKz6zSo/1Y21JI5+rviYxFxkyi0HZGDIdm2ZuJ/3mdFPs3QSZUkiIovljUTyXFmM4CoD2hgaOcWMK4FvZWyodMM442ppINwVt+eZU0L6reVdV7uKzUbvM4iuSEnJJz4pFrUiP3pE4ahJOEPJNX8uakzovz7nwsWgtOPnNM/sD5/AGm0JIW</latexit>

valc

<latexit sha1_base64="R05BkZVC8QTzYSYed/sQUdjkwzE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ad0l5JN0zY0m4RkVlqW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqWGsgZVQpl2TCwTXLIGcBCsrQ0jSSxYKx7dzfzWEzOWK/kIE82ihAwk73NKwElhCGwMmVZ22h13yxW/6s+BV0mQkwrKUe+Wv8KeomnCJFBBrO0EvoYoIwY4FWxaClPLNKEjMmAdRyVJmI2y+c1TfOaUHu4r40oCnqu/JzKSWDtJYteZEBjaZW8m/ud1UujfRBmXOgUm6WJRPxUYFJ4FgHvcMApi4gihhrtbMR0SQyi4mEouhGD55VXSvKgGV9Xg4bJSu83jKKITdIrOUYCuUQ3dozpqIIo0ekav6M1LvRfv3ftYtBa8fOYY/YH3+QPdj5I6</latexit>posx
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<latexit sha1_base64="NZLmMULCowjNE7Xcxcs/0Ad7e0Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48VbC10l5JNs21oNgnJrFiW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7Syura+Ud6sbG3v7O5V9w/aVmWGshZVQplOTCwTXLIWcBCsow0jaSzYQzy6mfoPj8xYruQ9jDWLUjKQPOGUgJPCENgT5FrZSY/2qjW/7s+Al0lQkBoq0OxVv8K+olnKJFBBrO0GvoYoJwY4FWxSCTPLNKEjMmBdRyVJmY3y2c0TfOKUPk6UcSUBz9TfEzlJrR2nsetMCQztojcV//O6GSRXUc6lzoBJOl+UZAKDwtMAcJ8bRkGMHSHUcHcrpkNiCAUXU8WFECy+vEzaZ/Xgoh7cndca10UcZXSEjtEpCtAlaqBb1EQtRJFGz+gVvXmZ9+K9ex/z1pJXzByiP/A+fwC9u5Il</latexit>posc
<latexit sha1_base64="OKgqg5fonJnDUG6kJsIYjzfM6zU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDabbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKNEXjKKVfB/5E+ZMR5Me61Vrbt2dgSwTryA1KNDsVb/8KGFZzBUySY3pem6KQU41Cib5pOJnhqeUjeiAdy1VNOYmyGc3T8iJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif182wfxXkQqUZcsXmi/qZJJiQaQAkEpozlGNLKNPC3krYkGrK0MZUsSF4iy8vk/ZZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwCXdZIM</latexit>

crdc

c coordinates

Scan: Read

<latexit sha1_base64="iWm86EQJoOv9vj+MWSKzkzuTxnY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEYwTwgWcLsZJIMmd1ZZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DulGJZrzGlFS6GVDDpYh4DQVK3ow1p2EgeSMY3k79xohrI1T0gOOY+yHtR6InGEUr+W3kT5jGykw6wVmnWHLL7gxkmXgZKUGGaqf41e4qloQ8QiapMS3PjdFPqUbBJJ8U2onhMWVD2uctSyMacuOns6Mn5MQqXdJT2laEZKb+nkhpaMw4DGxnSHFgFr2p+J/XSrB37aciihPkEZsv6iWSoCLTBEhXaM5Qji2hTAt7K2EDqilDm1PBhuAtvrxM6udl77Ls3V+UKjdZHHk4gmM4BQ+uoAJ3UIUaMHiEZ3iFN2fkvDjvzse8NedkM4fwB87nDykcklo=</latexit>posb,
<latexit sha1_base64="WpnUIqplTtuQ5g963EFCmJupYTM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDababt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpDi2eyER3QmZACgUtFCihk2pgcSjhIRzdTP2HR9BGJOoexykEMRso0RecoZV8H+EJc66jSS/sVWtu3Z2BLhOvIDVSoNmrfvlRwrMYFHLJjOl6bopBzjQKLmFS8TMDKeMjNoCupYrFYIJ8dvOEnlglov1E21JIZ+rviZzFxozj0HbGDIdm0ZuK/3ndDPtXQS5UmiEoPl/UzyTFhE4DoJHQwFGOLWFcC3sr5UOmGUcbU8WG4C2+vEzaZ3Xvou7dndca10UcZXJEjskp8cglaZBb0iQtwklKnskreXMy58V5dz7mrSWnmDkkf+B8/gCV8ZIL</latexit>

crdb

b coordinates

Scan: Read
<latexit sha1_base64="R05BkZVC8QTzYSYed/sQUdjkwzE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ad0l5JN0zY0m4RkVlqW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMv1oJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqWGsgZVQpl2TCwTXLIGcBCsrQ0jSSxYKx7dzfzWEzOWK/kIE82ihAwk73NKwElhCGwMmVZ22h13yxW/6s+BV0mQkwrKUe+Wv8KeomnCJFBBrO0EvoYoIwY4FWxaClPLNKEjMmAdRyVJmI2y+c1TfOaUHu4r40oCnqu/JzKSWDtJYteZEBjaZW8m/ud1UujfRBmXOgUm6WJRPxUYFJ4FgHvcMApi4gihhrtbMR0SQyi4mEouhGD55VXSvKgGV9Xg4bJSu83jKKITdIrOUYCuUQ3dozpqIIo0ekav6M1LvRfv3ftYtBa8fOYY/YH3+QPdj5I6</latexit>posx

<latexit sha1_base64="FFHG0jRZuphFQkCzFFtWoqIRGMY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFNKJvNpl262YTdibSE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh61dZIpylo0EYnqBkQzwSVrIUfBuqliJA4E6wSju5nfeWJK80Q+4iRlfkwGkkecEjSS5yEbY05VOO2P+9WaU3fmsFeJW5AaFGj2q19emNAsZhKpIFr3XCdFPycKORVsWvEyzVJCR2TAeoZKEjPt5/Obp/aZUUI7SpQpifZc/T2Rk1jrSRyYzpjgUC97M/E/r5dhdOPnXKYZMkkXi6JM2JjYswDskCtGUUwMIVRxc6tNh0QRiiamignBXX55lbQv6u5V3X24rDVuizjKcAKncA4uXEMD7qEJLaCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QO3SZIh</latexit>

crdx

x coordinates

Scan: Write



18

Initial Performance Results Targeting the Capstan Architecture

K�jaCu F3aN3Ic i3NcRa F3aN3Ic

TI�j8RaL VK3LRawW +RLUCI30 bUKp TInck b//KK K�jia�NcKnI `3cC0n�I iip iiK KiiF`T BNN3aTaR0 TIncl <L3�N

+�Ucj�N V?#Kl2W MR zYf9 ġ ġ ġ ġ ġ ġ ġ ġ ġ zYf9
+�Ucj�N VB03�I M3j � K3LW v3c zYee zYl: zYe4 zYe9 zYe9 zY:O zY9e zY:: zYk9 zY:l zY9l

+�Ucj�N V?#Kl2W v3c SYzz SYzz SYzz SYzz SYzz SYzz SYzz SYzz SYzz SYzz SYzz
+�Ucj�N V//`:W v3c SlYSk SzYze 4Ykk SlYkS SlYzf :YOl OY4z eYef kYl4 SYel eYzO

TI�cjC,CN3 V?#Kl2W MR 4Yel ġ ġ ġ ġ ġ ġ ġ ġ ġ 4Yel
pSzz ;Tm v3c kYS9 :SY4O S4.l9OY9z kY9O kY9: lklY49 l4:Y:e fYee lYef k4SYk4 :SYkS

Sl4Ai@a3�0 +Tm v3c leYOz lkfY:z llzYl4 kefY9l k4:Yz4 kk9YOO 4Y:e kO4Yel Se4Yk: 9OYll Sk4Yze

i�$I3 9- `nNjCL3c V<3RL3�N �,aRcc �II 0�j�c3jcW NRaL�ICy30 jR j@3 ,RLUCI30 ?#KAl2 q3acCRN R8 3�,@ �UUIC,�jCRN 8Ra 0C{3a3Nj
�a,@Cj3,jna3c �N0 L3LRaC3cY r3 ,RLUCI3 jR +�Ucj�N �N0 i�+Q ,RLUCI3c jR +Tmc �N0 ;TmcY QNIw bUKp @�c @�N0saCjj3N G3aN3IcY
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+�Ucj�N ;Tm +Tm

7C<na3 Sz- ;3N3a�j30 G3aN3I U3a8RaL�N,3 �,aRcc j@a33 UI�jA
8RaLc NRaL�ICy30 jR +�Ucj�NY Qna cwcj3L Cc nc30 jR ,RLUCI3
jR +�Ucj�N �N0 i�+Q Cc nc30 jR ,RLUCI3 jR j@3 +Tm �N0 ;TmY

QN3 R8 j@3 G3w 8�,jRac CN `/� V�N0 ;TmW RnjAU3a8RaL�N,3
Cc � @C<@A$�N0sC0j@ L3LRaw cwcj3LY 7C<na3 O c@Rsc j@�j Rna
�UUIC,�jCRNc V3u,3UjCN< TIncl. s@C,@ Cc NRj Rnj3aAU�a�II3ICy30W
�a3 �$I3 jR L�G3 <RR0 nc3 R8 /`�K $�N0sC0j@ �c s3IIY i@Cc Cc
� 0Ca3,j a3cnIj R8 j@3 03,RnUI30 �,,3ccA3u3,nj3 L3LRaw LR03I-
8�,jRaCN< Rnj R{A,@CU L3LRaw �,,3cc3c CNjR I�a<3. $nIG IR�0c
�N0 cjRa3c 3uURc3c cC<NC~,�Nj L3LRaw U�a�II3ICcLY

fYkY +�c3 bjn0w- bU�ac3 K�jaCuAp3,jRa KnIjCUIC,�jCRN

bU�ac3 L�jaCuAq3,jRa LnIjCUIC,�jCRN VbUKpW Cc j@3 cCLUI3cj
R8 Rna �UUIC,�jCRNc �N0 j@3 RNIw RN3 s@3a3 � @�N0saCjj3N bU�A
jC�I CLUI3L3Nj�jCRN 3uCcj. �c Cj Cc cC<NC~,�Nj sRaG jR @�N0A
CLUI3L3Nj � cU�ac3 j3NcRa �I<3$a� G3aN3IY � ,RLU�aCcRN R8
bUKp �,aRcc �II UI�j8RaLc Cc 8RnN0 CN j@3 ~acj ,RInLN R8
i�$I3 9Y i@3 +�Ucj�N �N0 TI�cjC,CN3 aRsc 8aRL i�$I3 9 �a3
@�N0saCjj3N bU�jC�I bUKp G3aN3Ic 8aRL )kz. l4* a3cU3,jCq3IwY
�II +�Ucj�N �N0 TI�cjC,CN3 aRsc CN i�$I3 9 �a3 j@�j �a3 NRj
,RLUCI30 �a3 @�N0AsaCjj3N bU�jC�I bUKp G3aN3IcY �II R8 Rna
bUKp 3q�In�jCRNc nc3 +b` L�jaC,3cY

bUKp Cc cCLUI3a. L�GCN< Cj Cc 3�cw jR U�a�II3ICy3d j@3a3A
8Ra3. Rna ,RLUCI30 �UUIC,�jCRNȕc cU330nU a3I�jCq3 jR j@3 +Tm
�N0 ;Tm Cc IRs3a j@�N 8Ra j@3 Rj@3a �UUIC,�jCRNcY ?Rs3q3a.
j@3 q3acCRN R8 bUKp anN CN j@3 RaC<CN�I +�Ucj�N U�U3a V+�UA
cj�N. nN,RLUCI30W Cc LRa3 RUjCLCy30 j@�N j@3 ,RLUCI30 q3aA
cCRN V+�Ucj�N. ,RLUCI30W $3,�nc3 j@3 ,R03 <3N3a�j30 $w Rna
cwcj3L nc3c j@3 c@n}3 N3jsRaG Vc@RsN $w bUKp⇥b@n8 CN i�A
$I3 :W jR ,RRa0CN�j3 U�a�II3I �,,3cc3c jR j@3 CNUnj q3,jRa �N0 j@3
@�N0saCjj3N +�Ucj�N bUKp 0R3c NRjY BNcj3�0. j@3 @�N0saCjA
j3N +�Ucj�N bUKp 0nUIC,�j3c j@3 CNUnj q3,jRa. s@C,@ �qRC0c
c@n}3AN3jsRaG ,RNj3NjCRN �N0 U3aLCjc Rnj3aAU�a�II3ICy�jCRN
$3wRN0 j@3 c@n}3 N3jsRaGȕc ICLCj R8 SfY r3 3uU3,j j@�j j@3c3

�00CjCRN�I RUjCLCy�jCRNc ,�N $3 �njRL�j30 CN j@3 8njna3. $nj
8Ra NRs j@3w 03LRNcja�j3 j@�j � 030C,�j30 @�a0s�a3 3uU3aj ,�N
<3j $3jj3a U3a8RaL�N,3 ,RLU�a30 jR Rna ,RLUCI3a. �j j@3 ,Rcj
R8 cC<NC~,�Nj 03q3IRUL3Nj 3{RajY

iR 03LRNcja�j3 j@�j Rna ,RLUCI3a $Rj@ CN,a3�c3c UaR<a�LL3a
UaR0n,jCqCjw �N0 03,a3�c3c 03q3IRUL3Nj 3{Raj CN j�a<3jCN<
+�Ucj�N. s3 �N�Iwy3 j@3 ICN3c R8 ,R03 VHQ+W R8 j@3 @�N0saCjj3N
bU�jC�I bUKp G3aN3I �<�CNcj Rna ,RLUCI30 G3aN3I 8Ra +�Ucj�NY
i@3 bUKp G3aN3I ,RLUCI30 $w Rna cwcj3L nc3c Sz HQ+ jRj�Iġ
� efX 03,a3�c3 8aRL j@3 :S HQ+ a3\nCa30 8Ra j@3 @�N0saCjj3N
q3acCRNY KRa3Rq3a. s3 $3IC3q3 j@�j Rna ,R03 Cc cCLUI3a jR saCj3
�N0 jR URaj jR N3s �a,@Cj3,jna3cY i@3 i�+Q ,R03 a3\nCa3c- k
HQ+ 8Ra j@3 j3NcRa 8RaL�jc. l HQ+ 8Ra j@3 �I<RaCj@L. : HQ+
8Ra j@3 c,@30nICN< ja�Nc8RaL�jCRNc. �N0 S HQ+ jR ,RLUCI3
�N0 RnjUnj Rna G3aN3IY rCj@ j@3 nc3 R8 �N �njRAc,@30nI3a. j@3
NnL$3a ,RnI0 $3 ,nj 0RsN 8aRL Sz jR f HQ+ 0n3 jR j@3 a3LRq�I
R8 j@3 nc3aAUaRqC030 c,@30nI3Y i@3c3 NnL$3ac cnUURaj j@3 nc3
R8 Rna ,RLUCI3a �c � UaR<a�LL3a UaR0n,jCqCjw jRRI 8Ra ,a3�jCN<
�a$Cja�aw cU�ac3 j3NcRa G3aN3Ic RN �,,3I3a�jRacY

fY:Y i3NcRa �I<3$a� 2uUa3ccCRN T3a8RaL�N,3

T3a8RaL�N,3 a3cnIjc 8Ra �II UI�j8RaLc �N0 �UUIC,�jCRNc �a3
c@RsN CN i�$I3 9. sCj@ � cn$c3j R8 a3cnIjc 8Ra RNIw Rna ,RLUCI30
+�Ucj�N. j@3 i�+Q ,RLUCI30 ;Tm. �N0 j@3 i�+Q ,RLUCI30
+Tm c@RsN CN 7C<na3 SzY Qna ,RLUCI30 �UUIC,�jCRNc �a3. RN
�q3a�<3. Sk4ƨ 8�cj3a j@�N +Tm $�c3ICN3c. �N0 :Sƨ 8�cj3a j@�N
;Tm q�aC�NjcY i@3c3 U3a8RaL�N,3 $3N3~jc LRjCq�j3 ncCN<
`/�cġ�N0 j@nc � ,RLUCI3a jR j�a<3j `/�cY

Qna i�+Q ;Tm $�c3ICN3 U3a8RaL�N,3 Cc cC<NC~,�NjIw sRac3
j@�N $Rj@ j@3 ICj3a�jna3 )kS* �N0 ,RLUCI30 +�Ucj�N $3,�nc3
i�+Q 0R3c NRj N�jCq3Iw cnUURaj cU�ac3 j3NcRa RnjUnjcY KRcj R8
j@3 jCL3 Cc cU3Nj y3aR CNCjC�ICyCN< j@3 8nIIw 03Nc3 a3cnIj j3NcRaġ
s@C,@ Cc R8j3N $3 3uja3L3Iw I�a<3ġCN 03qC,3 L3LRawY #3,�nc3
+�Ucj�N Cc 03cC<N30 jR RnjU3a8RaL j@3 ;Tm 8Ra cU�ac3 �UUICA
,�jCRNc. Cj L�w c33L ,RnNj3aACNjnCjCq3 j@�j j@3 ;Tm cU330nU
8Ra KiiF`T Cc a3I�jCq3Iw IRsY ?Rs3q3a. j@3c3 G3aN3Ic @�q3 �
03Nc3 0CL3NcCRN. RN s@C,@ j@3 ;Tm ,�N q3,jRaCy3Y

� ,RLU�aCcRN R8 ,RLUCI30 bU�jC�I �UUIC,�jCRNc jR @�N0saCjA
j3N bU�jC�I CLUI3L3Nj�jCRNc 8Ra +�Ucj�N �,aRcc j@3 �UUIC,�jCRNc
Cc NRj URccC$I3. cCN,3 @�N0saCjj3N G3aN3Ic 0R NRj 3uCcj. 3u,3Uj
8Ra bUKpY i@3w 0R NRj 3uCcj $3,�nc3 3�,@ �UUIC,�jCRN Lncj
$3 saCjj3N $w � bU�jC�I. +�Ucj�N. �N0 �UUIC,�jCRNgcU�acCjw 0RA

Sz

41x 138x
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Two Data Models, One Compiler, Many Targets

Sparse Array Programs
(e.g., Sparse NumPy)

Relational Algebra
(e.g., pandas)

Unified Sparse IR

CPU GPU DSAs

Program
Optimization

abstraction—the PI will build the unified sparse compiler
shown in Figure 1. The unified compiler will be the first
compiler for sparse array programming and will also com-

both of these programming models to the same intermedi-
ate representation (IR), optimize and fuse sparse operations,
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Two Data Models
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User-Facing Library Ecosystem, e.g., in Python

PyData/Sparse 
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Target Different Processor Mixes

+

+

Distributed Machine


